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Appendix A: Additional table
Fable A.1. Asteroids in RMMRs with planets.

[Jesig nation a (au) = i L RNMNE 2 ) 5 Resomant angle LS Configurations
2015 BZ50Y 5337 0.391 163.0 = 1/ 1F 10 (1005 10.00 Lib.at 180 1 Currently in RMMR =
2000 DO 10.76 G794 1293 4 I 10 (1005 10.00 Lib.at ¥ 0 Cuxs en}]}-’ im RMMR
2001 KT19 3558 033 1612 79N 10 (100%) 1000 Lib.at 180 5 Cucrently in polar RMMR
o = 2/—5¥§ 7 {38.99%) 2.723 Lib.at 180 2 Capluze i RMMR
- 2 B
e S N e it 10 (80.9%) 9090 Lib.at 0 Curently in RMMR
3018 Tro 2575 A 1603 4 U-1iJ* _ 10¢908%) 0000  LibatD 0 Capmre in RMMR
212 YOG #.317 0478 1069 4 3/—4)= 10 (88 29 B.820 Eily.ar 180D < Capture in polar RMME
205 NP]2 387D 0478 130.5 1 S/—6J* 10 (87.3%:) 8730 Lib_at 180 4 Currently in RN MR
v = i 3/—108 10 (83.0%) B.360 Lib.at 180 3 Currentiy in polar RMINVGR
2OUEAE 2L Qa7 oy e S5/—-3MN 3 (36.3%) 1.080 Lib.at 180 4 Clapiure in polar RMMR
2008 KV42 41.50 0,491 103.4 3 B39 1O (R3.6%) 8360 Lib.at 180 a Capiu in polar RMMR
2012 NS11 0.787 1303 z 2f-38= 1O (TR.29%) T8I0 Lib.at 180 0 Capinre in RMMR
2009 QY6 0835 1376 4 A 10 (7T7.3%) F.730 Lib.at 180 o Currendy in RMMR
5 1/—41+ 2 (BL8%) T362 Lib.at 180 = Currenily in RMMR
oS i ks s 3f=55* 5 (13.6%) 0.680 Lib.az 180 2z Capnire in RMIMR
2016 JKZ4 13.05 0860 IS 3 A & (81.8%) 6.544 Lib.ai 180 2 Capture in RMMR.
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2008 YB3 1163 1051 1 3/—1t 10 (54.582) 5.450 b.at 180 = Currenfly in polar RMMER
2016 NAMS6 161.7 o 3117 10 (45.5%:) 4.550 Lib.at 180 4 Captare in RMMR
2/—5TF G {23.99:) 1.43534 Lib.at 180 o Capture in RIVIMER.
2012 YES 9.380 {1592 136.1 = 3/—TI* 4 {2239 0.892 Lib.at 180 2 Capture in RMMR
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= T(1B.2%) 1.274 Lib.at 180 3 Capture in polar RMMR
2 9. .58 1102 X
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3 (27.3%) 0819 Lib.ar 180 2 Capture in RMMR
. -
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2017 UXS1 30.26 0. 749 90 i 1/—147% 3 (13.6%) 0.8 Lib.at 180 ) Currently in polar RMMMR
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MNates. The orbital elements and condition codes EJ are taken from the website of the JPL Small-Body Dalabase Search Engine, retrieved on
10 April 2019. In the sixth columnm J. S, U, and N are acronyms of Jupiter, Saturn, Uranus, and Neptunc, respectively. The asterisk indicates the
ariginal results. The value of the seventh column » presents the number of clones (including the nominal one) that are trapped in this RMMR. The
data given in the parentheses f are longest times that the resonant clones remain rapped in corresponding RMMR relative to the whole integrarion
time-span (— 10 000 to 100 000 yr). Resonant status § and resonant angle ¢ are defined as in Eqs. (3) and (2). respectively. The parameter & of the
resonant angle is also indicated. The last column shows whether an asteroid is currently in RMMR or will be captured in RMMR in our numerical
calculation. Objects are ordered by their resonant status fTom high to luow 5. I an asteroid evelves in several RMMRSs, we sort it according to the
hest resonant status.
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Outline

« Framework : Restricted 3-body problem (RTBP)

e Study : 1%, 2" and 3 order MMRs with Jupiter

*Method: Computation of families of Periodic Orbits and Stability
*Other methods: Averaged Hamiltonian, Mapping models, Simulations

*Hierarchy of models: Planar Circular, Elliptic, 3D Circular or Elliptic RTBP

We study periodic orbits because:

-they critically determine the phase-space structure

-equilibrium points of averaged Hamiltonian

-KAM theory—>stable POs are associated with invariant tori in phase space
-other applications to the extrasolar planetary systems (Antoniadou and

Voyatzis, 2013 & 2014)



The Lagrangian of the system

——(x + y2 + 22)+(xy — yx)v+ (x + y2)v? 4 1H +—

1

o =+ (x + pro1)2 + y2 + 22, 1= /(x — (1 — Wroy)? + y2 + 22

v = v(t): true anomaly and ry; =
= 191 (t) is the mutual distance of the primaries
along their Keplerian orbit

z = z = 0 = planar elliptic problem,
v=1 and To1 = 1
= Circular problem (Jacobi integral)



Equations of motion

(a2 . N . x+,u X—=1+1 Y
X — 290 — yU — x0? rf’ ,
V + 2x0 + xU — yv* ——(1—u)——u g
\ Z=-(1-p s Hrf' J




Planar Circular RTBP

Classical Configuration: Rotating Oxy orthogonal
system

Sun, Jupiter as primaries (u = 0.001, T = 2m)
Symmetry: X:(t,x,y) = (—t,x,—y)
Direct orbit: the mmor body revolves around the

Sun 1n the same direction as that of the primary
body, e.g. Jupiter (with respect to the inertial frame)

Retrograde orbit: the mmor body revolves around
the Sun in the opposite direction as that of the

primary body, e.g. Jupiter (with respect to the
inertial frame)



Families of periodic orbits
Firstkind: e = 0, (/. /) varies along the family
(circular orbits)

Second kind: e # 0, ("/,., ) = const. (elliptic orbits)

General characteristics for retrograde orbits:

First kind: The family R i1s continued for u # 0 in all
cases of resonances.

Second kind:

Family R; —stable; except for a small area where a
close encounter with Jupiter occurs in some cases.

Family R;; = unstable; a perpendicular collision
orbit with Jupiter occurs when a(1 + e) = 1; then
becomes stable.



Initial conditions: x(0) = x,, y(0) = 0,x(0) = 0,y(0) = y,.
¢ — qfl_P/V I (P u Q)(J‘);;t =M+ w,Ry: Qb = 0,Ry;: ¢ = TL.
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2nd order resonances: 3/1, 5/3, 7/5
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Rn:xostable, (dx/dt)o=0 only for Xx(;<0,
Ri: unstable, (dx/dt)o=0 only for xo>0.



3rd order resonances
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Poincaré surface of section (y=0, dy/dt>0)
h=-0.6, h=-0.1
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Elliptic RTBP: Families of symmetric POs

Bifurcation Points:Periodic Orbits of the 2-D Circular RTBP with T=2mn, m € Z
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Second order resonances

Resonance: 3/1
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Third order resonances
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3-D Circular RTBP

Bifurcation Points: Periodic orbits of the planar circular
problem with vertical critical stability (Henon, 1973)

Periodic orbits: 1)F-symmetry with respect to xz—plane
2)G-symmetry with respect to x-axis.
Initial conditions:
1) x(0) = xo, y(0) =0, z(0) = z,,
x(0) =0, y(0) =y,,2(0) =0.
2) x(0) = xo, y(0) =0, z(0) =0,
x(0) =0, y(0)=1y,,2(0) = Z,.

(XO, Yo, 20, Q.COJ yOJ ZO) _)(aa C, i! W, M! Q‘)



3-D Circular RTBP (a~const., e-1 plane)

2/1 Resonance 3{12 Resonance

Resonance: 2/1 Resonance: 3/2

D: direct orbits {p=gi-pA’+(p-q)w, @, = gL — pA" + (p — q)Q},
R: retrograde orbits {p=gA-pl’-(ptq)w, @, = gL —pA" + (p + Q)Q}
blue colour—>horizontal stability, red colour->horizontal instability



3/1 Resonance: Projection of these families of POs

on i-e plane
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(Kotoulas, Voyatzis and M.H.M. Morais: 2022a, PSS 210 (105374))

Resonance: 3/1



Element

Value

Uncertainty (1-sigma)

2009 HCB2

Units

e 0.8065122675266817 4.8522E-8
a 2.527415739646448 4.3193E-8 au
q 0.4890239404815657 1.2228E-7 au
i 154.3609837251317 7.9081E-6 deg
node 295.4620693521495 2.0789E-5 deg
peri 298.9593485523253 1.8877E-5 deg
M 202.0579669165575 1.6062E-5 deg
2460644.3855500358
tp , 024?—?\10% 7.5316E-5 TDB
29.88555004
. 1467.619439155009 3.7622E-5 d
period 4.018123036700914 1.0300e-7 y
n 0.2452951973757395 6.2881E-9 deg/d
Q 4.56580753881133 7.8029E-8 au




Dynamical stability maps (for 3/1 resonance)
(a) ®=Q=270, M=180 deg, (b) ®=270, Q=90, M=180 deg
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black colour->stability region, colour->chaotic region,
“+” present position of asteroid, A averaged position of it along its evolution

(Kotoulas, Voyatzis and M.H.M. Morais: 2022a, PSS 210 (105374))



Evolution of the asteroid 2009 HCS2 (343

158 Mar

syas)
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Third order resonances
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Conclusions

*Two families of symmetric retrograde periodic orbits in the planar circular
problem: one is stable and the other one is unstable

*Bifurcation points from the planar circular to planar elliptic and to the three-
dimensional circular one for all resonances of 15t, 2" and 3t order between 2.0 and
4.5 A.U.

*Planar elliptic problem: in many cases one family is stable and the other one is
unstable

*Stable POs— surrounded by regular librations,

*Unstable POs—formation of phase space regions with chaotic motion.

*3D circular problem: both stable and unstable periodic orbits— Families of
retrograde periodic orbits are connected with families of direct orbits or terminate
to collision orbits with Sun.

*The absence of asteroids in the main belt may be related with the existence of
unstable periodic orbits
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Thank you!
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