
Planar and three-dimensional retrograde 

periodic orbits of asteroids

THOMAS  A.  KOTOULAS

and

GEORGE  VOYATZIS

Aristotle University  of  Thessaloniki, Greece

Department of Physics,

Section of Astrophysics,  Astronomy and  Mechanics

Post Code:54124, P.O Box:102

E-mail address: tkoto@physics.auth.gr

30Ο ΘΕΡΙΝΟ ΣΧΟΛΕΙΟ—ΣΥΝΕΔΡΟ: ΔΥΝΑΜΙΚΑ 

ΣΥΣΤΗΜΑΤΑ ΚΑΙ ΠΟΛΥΠΛΟΚΟΤΗΤΑ (28/8-6/9/2024)



ΛΙΣΤΑ  ΑΣΤΕΡΟΕΙΔΩΝ 



Outline

• Framework : Restricted  3-body  problem (RTBP)

• Study : 1st, 2nd and 3rd order MMRs with Jupiter

•Method: Computation of families of  Periodic Orbits and Stability 

•Other methods: Averaged Hamiltonian, Mapping models, Simulations

•Hierarchy of models: Planar Circular, Elliptic, 3D Circular or Elliptic RTBP

We study periodic orbits because:

-they critically determine the phase-space structure

-equilibrium points of averaged Hamiltonian

-KAM theory→stable POs are associated with invariant tori in phase space

-other applications to the extrasolar planetary systems (Antoniadou and 

Voyatzis, 2013 & 2014)



The Lagrangian of the system



Equations of motion 



Planar  Circular  RTBP



Families of periodic orbits 



Comments : blue color→horizontal and vertical stability, red→horizontal instability but 

vertical stability, green→horizontal stability and vertical instability, 

orange→horizontal and vertical instability // x→Collision orbit

(Kotoulas and Voyatzis, 2020a)



2nd order resonances: 3/1, 5/3, 7/5

RII: stable, (dx/dt)0=0 only for x0<0, 

RI: unstable, (dx/dt)0=0 only for x0>0.



3rd order resonances              

Comments : blue color→horizontal and vertical stability, 

red→horizontal instability but vertical stability //                     

x→Collision orbit



Poincaré  surface of section (y=0, dy/dt>0)

h=-0.6,  h=-0.1

3:1



Elliptic RTBP: Families of symmetric POs 
Bifurcation Points:Periodic Orbits of the 2-D Circular RTBP with T=2mπ, m Є Z

2 families form each point: Jupiter at perihelion (ω’=0) and Jupiter at 

aphelion (ω’=π). 

p→ asteroid at perihelion,  a→ asteroid at aphelion 



Second order resonances 



Third order resonances 



3-D Circular RTBP
Bifurcation Points: Periodic orbits of the planar circular 

problem with vertical critical stability (Henon, 1973) 



3-D Circular RTBP (a~const., e-i plane)

2/1 Resonance                                          3/2 Resonance 



3/1 Resonance: Projection of these  families of POs 

on i-e plane  

Blue colour→stability, red colour→instability, magenta→double instability

(Kotoulas, Voyatzis and M.H.M. Morais: 2022a, PSS 210 (105374))



2009 HC82

Element Value Uncertainty (1-sigma) Units

e 0.8065122675266817 4.8522E-8

a 2.527415739646448 4.3193E-8 au

q 0.4890239404815657 1.2228E-7 au

i 154.3609837251317 7.9081E-6 deg

node 295.4620693521495 2.0789E-5 deg

peri 298.9593485523253 1.8877E-5 deg

M 202.0579669165575 1.6062E-5 deg

tp

2460644.3855500358

99

2024-Nov-

29.88555004

7.5316E-5 TDB

period
1467.619439155009

4.018123036700914

3.7622E-5

1.0300e-7

d

y

n 0.2452951973757395 6.2881E-9 deg/d

Q 4.56580753881133 7.8029E-8 au



Dynamical stability maps (for 3/1 resonance)

(a) ω=Ω=270, Μ=180 deg, (b) ω=270, Ω=90, Μ=180 deg

black colour→stability region, yellow colour→chaotic region, 

“+” present position of asteroid, ▲averaged position of it along its evolution

(Kotoulas, Voyatzis and M.H.M. Morais: 2022a, PSS 210 (105374))

(a) 



Evolution of the asteroid 2009 HC82 (343158 Marsyas)



Third order resonances 



Conclusions

•Two families of symmetric retrograde periodic orbits in the planar circular

problem: one is stable and the other one is unstable

•Bifurcation points from the planar circular to planar elliptic and to the three-

dimensional circular one for all resonances of 1st, 2nd and 3rd order between 2.0 and

4.5 A.U.

•Planar elliptic problem: in many cases one family is stable and the other one is

unstable

•Stable POs→ surrounded by regular librations,

•Unstable POs→formation of phase space regions with chaotic motion.

•3D circular problem: both stable and unstable periodic orbits→ Families of

retrograde periodic orbits are connected with families of direct orbits or terminate

to collision orbits with Sun.

•The absence of asteroids in the main belt may be related with the existence of

unstable periodic orbits
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